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. Abstract. In this contribution we give an explicit formula for the eigenvectors of Hamil- 

' tonians of open Bazhanov-Stroganov quantum chain. The Hamiltonians of this quantum 

D . chain is defined by the generation polynomial A„(A) which is upper- left matrix clement 

of monodromy matrix built from the cyclic L-operators. The formulas for the eigenvec- 
. tors are derived using iterative procedure by Kharchev and Lebedev and given in terms of 

■u;p(s)-function which is a root of unity analogue of Fg-function. 
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1 Introduction 



In the papers ^ |2] it was observed that the six-vertex iti-matrix at root of unity intertwines 
not only the six-vertex L-operators, but also some other L-operators (which are called cyclic 
I L-operators). These L-operators define n-particle Bazhanov-Stroganov quantum chain (BSQC) 

by the standard procedure in quantum inverse scattering method: the product of L-operators 
\^ • defines the monodromy matrix 

o 

/ An{X) Bn{X) \ 

^ r„(A) = Li(A)L2(A)...L„(A)= ' (1) 

pH ; \ C„(Aj L»„(A) J 



which in turn provides us with commuting set of operators — Hamiltonians of quantum chain. 



^ ' It was observed by Baxter that the so-called "Inverse SOS" model discovered by him [3] is 

equivalent to Bazhanov-Stroganov quantum chain. Thus the same model (which is called the 
T2-model) has two formulations: the formulation as face model by Baxter and the formulation 
as quantum chain (or vertex model) by Bazhanov and Stroganov. The connection between six- 
vertex model, r2-model and chiral Potts model gave a possibility to formulate the system of 
functional relations |^ for transfer-matrices of these models. This system provides the main 
tool for derivation the free energy [S] and the order parameter jO] for chiral Potts model. 

The goal of this contribution is to find common eigenvectors of the set of commuting Hamil- 
tomians H^, k = 1,2, . . . ,n, of open n-particle BSQC. These Hamiltonians are defined by the 
coefficients of the A„(A) given by (^: 

An{X) = 1 + XHi + X^H2 + ■■■ + X^Hn. 

The main idea how to find the eigenvectors is to use iterative procedure. Namely we build 
the eigenvectors of An{X) using the eigenvectors of An-i{X) which is the generation function 
of Hamiltonians for open (n — l)-particle BSQC. This procedure in essential is an adaptation 
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of iterative procedure by Kharchev and Lebedev [7] for quantum Toda chain. The mentioned 
idea has origin in the paper by Sklyanin jSj, where he used separated variables of subsystems to 
construct the separated variables of the whole system. The models where the iterative procedure 
was realized are relativistic Toda chain Toda chain with boundary interaction ^U], periodic 
Bazhanov-Stroganov model It is worth to note that these models do not admit algebraic 
Bethe ansatz procedure because in the case of generic parameters these models do not possess 
"highest weight vectors". The method used in this contribution is an evolution of the method 
of separated variables (or functional Bethe ansatz method). 

At the end of the introduction we would like to mention that the Bazhanov-Stroganov model 
at special values of parameters reduces to the relativistic Toda chain at a root of unity. Also 
it is worth noting direct (not through the chiral Potts model!) relation ^21 between lattice 
formulation of the model at = 2 and Ising model. This relation gave a possibility to find the 
eigenvalues jl2j and the eigenvectors [IHj of the transfer-matrix by means of auxiliary grassmann 
field technique. 



2 Bazhanov-Stroganov quantum chain 



Let uj = e^'^'/^, N > 2. For each particle k, k = 1,2, . . . ,n, oi Bazhanov-Stroganov quantum 
chain (BSQC) with n particles there corresponds A-dimensional linear space (quantum space) Vk 
with the basis |7)fc)7 S Z^v, and a pair of operators {uk,vi:} acting on Vk by the formulas: 



Vkh)k = uj'^h)k, Wfcl7)fc = It - 



(2) 



The space of quantum states of BSQC with n particles is V = Vi (8) V2 <8> • • • (8) Vn- We extend 
the action of operators {uk,Vk} to V defining this action to be identical on Vs, s ^ k. Thus we 
have the following commutation relations 

UjUk = UkUj, VjVk = VkVj, UjVk= iO^^*VkUj. 

For each particle of BSQC model we put into correspondence the cyclic L-operator 

1 + \>CkVk \u^^{ak - bkVk) 
Uk{ck - dkVk) XakCk + Vkhkdk/xk 



Lk{\) 



fc = 1,2, . . . ,n, 



(3) 



where {ak,bk,Ck,dk, Xk} sue (in general complex) parameters attached to kth. particle. In the 
papers it was observed that the six- vertex i?-matrix 



R{X,fi) 



( X-uj^i 

(j(A-^f) \{l-uj) 
/i(l — uj) X — fi 









V 











A — LJfl / 



at root of unity u) = e^"^^!^ intertwines not only the six-vertex L-operator, but also the cyclic 
L-operators ©: 

i?(A, m) (A)Lf (^) = Lf ip) L W (A) i2(A, ^) , 

where L^^\x) = Lfc(A) ® I, L^^\ij.) = 10 Lk{fi). In fact the formulas for L-operators and R- 
matrix given in this contribution are close to formulas from the paper by Tarasov Original 
formulas given in ^ and [2] are a bit different (but equivalent). The monodromy matrix for the 
BSQC with n particles is defined as 



r„(A) = Li(A)L2(A)---L„(A) 



AniX) Bn{X) 

C„(A) Dn{X) 



(4) 
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and satisfies the same intertwining relation 

i?(A,^)TW(A)r(2)(^) = r(2)(;x)rW(A)i?(A,^). (5) 

The intertwining relation ^ gives [A„(A), 74„(;/)] = 0. Therefore An.{X) is the generating 
function for the commuting set of operators Hi, . . . , Hn'. 

An{X) = 1 + XHi + X'^H2 + ■■■ + A"/f„. 

We interpret these operators Hi, . . . , Hn as Hamiltonians of the open BSQC. The simplest 
Hamiltonians are 

n fc— 1 ^ ^ 

Hi = ^ XkVk + ^ uY^{ai - hivi) -^Vs ■ Uk{ck - dkVk), Hn = JJ Xk^k- 

k=l l<l<k<n s=l+l * k=l 

At 6fc = and Ck = 0, the BSQC model reduces to Relativistic Toda Chain (RTC) at root of 
unity. The corresponding L-operators are 

As in BSQC model A^"'"'~'(A) is the generating function for the commuting set of operators 
Hf^'^, H'^^'^. The simplest Hamiltonians for RTC are 

n n 

jjKTC ^ ^ ^^^^ _ ^ aidi+iu^^ui+ivi+i, hY'^ = JJ XkVk- 

k=l l<Z<n-l k=l 

Note that these operators hY^''^ , ■ ■ ■ , -f^ n"""*^ ^^e the Hamiltonians of the RTC with open boun- 
dary condition and association with the standard operators of momenta Pf, and positions q^, 
roughly speaking (up to constants) is v^. = expp^ and u^. = expg^,. Then Hn'^'^ is the exponent 
of the total momentum of RTC and hY^'~" is the Hamiltonian of relativistic analogue of usual 
Toda chain. 



3 Eigenvalues and associated amplitudes 

In this section we give a procedure of obtaining the eigenvalues for open n-particle BSQC 
Hamiltonians -Ff^, k = 1,2, ... ,n, or equivalently for An{X). 

n 

In the case of = bk = Ck = dk = 0, k = 1, 2, ... ,n, we have An{X) = Jl (1 + ^k^k)- 

k=l 

We interpret the corresponding Hamiltonians as free (without interaction between particles) 
Hamiltonians. Due to Q the standard basis vectors |7i,72, . . . ,7n) = |7i)i® |72)2'S>' ■ ■'^\ln)n £ 
V are eigenvectors of A„(A): 

71 

^n(A)|7i,72,. . . ,7n) = ]^(1 + Xfca;^'^)|7i,72, . . . ,7n). 

fc=i 

We claim that in the general case the spectrum of An{X) has the form as in the case of 
non- interacting particles but with modified amplitudes >Cn,k- 

n 

^n(A)|7l,72,- ■ ■ ,7n) = n (1 + X„,fcW'^'=A) |7l,72, • • -,771), 7fc € Zn- 

k=l 
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The corresponding eigenvectors I71, 72, • • • , 7n) are not standard basis vectors of course. To 
obtain their coordinates in the standard basis we will use an iterative procedure as was promised 
in the introduction. We start from the eigenvectors of open 1-particle BSQC. Then we construct 
eigenvectors of open 2-particle BSQC by addition in an appropriate way one more particle. And 
so on. In parallel with this procedure we have an iterative procedure of obtaining the amplitudes: 

, , +2"'* particle , , +3'''^ particle +n}^ particle , > 

(xii := xi) y (X2l,>^22) > ••• > . . . ,>ir„„,). 

Now we will describe the procedure how to find these amplitudes Xm.,s, m = 1,2, ... ,n, s = 
1,2, ... ,111. We will need the variables 



and variables y^,' Um, ym,s, ym,s- The latter are defined (up to a root of 1, which will be fixed 
later) by condition that points p^f^, = (a;™;*^/, y™;^ ), Pm = {xm,ym), Pm,s = {xm,s,ym,s), P = 
{xm,s,ym,s) belong to Fermat curve + y^ = 1- First, we define xi^i := xi. If we constructed 
all the above variables for m — 1 particles, we define the variables Xm,i, Xm,2i • • • > ^m,m by the 
equations 

^m,l^m,2 ' ' ' ■^m.m — ^m— l,l^m— 1,2 ' ' ' ^m—l,m—l^mi (7) 

m 

nm— l,t 
VrnM 



Xm. y-m-l -TT ^m-l,/ k=l 

ii m-l,l m-2 

^ '11 i/m-l,i 

s=l 



-|-r^^n^-i^^=i ^ Z = l,2,...,m-1. (8) 

"-m— l"m ymym—l,iym—l,L 



We would like to mention that this iterative procedure has a similarity to iterative procedures 
in jl5l I16j . To solve these equations we first take A^-th power of them. It gives us system of 
linear equations 



^m,l-^m,2 ■ ■ ■ ^m,m — ^m-l,l^m-l,2 ' " " ^m-l,m-l^m) \^) 

m 

M n (1 - ><m,fc/^m-l,«) 

■m— l,i i/m— 1 k=l -, ; 1 o i /mN 

N ,N,,N„N ,N —2 = 1' Z = l,2,...,m-1. (10) 

m-l"m ymym-l,iym~l,l rr (^ ^^^N I \ 

111^- ^m-2,sl ^m-l,l) 



a. 



=1 



with respect to elementary symmetric polynomials in variables {>^^n • • • ' ^mml- Solving equa- 
tion with coefficients being the values of the mentioned symmetric polynomials we obtain the 
values of {x^ n • • • ' ml- The variables {>Cm,i, ■ ■ ■ , >Cm,m\ can be found up to A^-th roots of 1. 
We fix their phases in a way to satisfy and (jEJ. 

To compare these formulas with the formulas for eigenvalues proposed by Tarasov jl4j we 
consider polynomials Am{^^) with zeroes e/x^^, s = 1, 2, . . . , m, where e = (—1)-^: 

m 

A^{X'')=\{{l-e><ls>^''), m>2; (A^) = 1 - 6xf A^; A(A^) = 1.(11) 

s=l 

Then the relations © and 1)10(1 can be rewritten compactly as recursion relation for ^^(A^), 
m > 2: 

^m(A j - [ (1 - ex^A j + — -^^ — I ^ eA a^_^c.^_^ | | Am-i{X ) 

-1 "m-l 



m— 1 
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+ ^JV _^N ^ Ara-2[X j.(12) 



Indeed, the relation Q fohows from the relation for coefficients in ()12() at (A^)™. If we fix 
sequentially = e/x^_j^ / = 1,2, . . . ,m — 1, (that is by the zeroes of Am-i{X^)) we obtain 
the relations (fTU]) . 

This recursion relation for ^^(A^) can be obtained by means of averaged L-operators |14j . 
Using 



'^m(A ) 



■^m m ml m uj^i^^ 



A(A^)/:2(A^)---/:™(A^). (13) 



we define polynomials ^m(A^), Bm{X^), Cm,(A^) and X'm(A^) by 

/ ^„,(A^) ^^(A^) \ 

1^ C„(A^) P„(A^) J 
In particular, we have 

^^(A^) = (1 - 6x;::A^)A^_i(A^) + (c^ - d;^)^™_i(A^), 

S^(A^) = -.A^(a^ - 6^)^„_i(A^) + (6^d^/x^ - .A^a;^c^)^_i(A^). (14) 
Excluding ;Bm-i(A^) from these two relations we get 



R /\N\ _ bmd-m/^m ~ ^'^^"'m.'^m a /\N\ det£m(A^) , 
l^m[X )- „JV _ J7V "^'"l^ i rN-flN Am-l{X )■ 



Substituting the right-hand side of this equation with m replaced by m — 1 instead of Bm-i (A'^) 
in (|T1|) we get (fT2]). Therefore two formulas (|12|) and (|T3|) for ^^(A'^) are equivalent. Summa- 
rizing, in order to find amplitudes >Cm,s, s = 1, . . . ,m, for some m, we have to find Am{X'^) 
using (fT2]) or lfT3|) . Then solving equation ^^(A^) = of mth degree with respect to A^ and 
taking into account (jlip we can find x^^, s = 1, . . . ,m. This gives us the set >Cm,s up to A^th 
roots of 1. At last step, we have to fix their values in a way to satisfy and (jHl). 

It seems to the author that the equation ^^(A'^) = can not be solved explicitly in the 
case of generic parameters. In the next section, the solution for the homogeneous RTC is given 
explicitly. The author does not know other interesting special cases of parameters which admit 
explicit solution for the spectrum of Am.{X). As shown in it is possible to give an explicit 
solution for the spectrum of Bm{X) in the homogeneous case of m-particle Bazhanov-Stroganov 
quantum chain. 



4 Amplitudes for the homogeneous Relativistic Toda Chain 

In this section we sketch the method described in of obtaining the amplitudes for the 
homogeneous RTC: = a, bk = 0, Ck = 0, dk = d, Xk = X- In this case the amplitudes >Cm,s, 
s = 1, . . . ,m, can be expressed in terms of solutions of some quadratic equation. Since 

/:r^(A^)=/:^TC(A^)=[ ^ ), (15) 



we obtain 

f Am{X^) B^{X^) 
[ C^(A^) V.^{X^) 
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Applying the fact that 2x2 matrix M with eigenvalues and satisfies 

,.m ,,m ;/™// 

H+ - /i+ - 

for matrix >C^'^*-'(A^) we obtain 

Afx"") = (1 - ex^A^) + - '^+'^- (16) 

x+ — x_ x+ — x_ 

where x+{X^) and x_(A''^) are eigenvalues of £(A^). These eigenvalues are roots of characteristic 
polynomial — t{X^)x + (5(A^) = 0: 



1(t± Vr^ - A6) , 



^± 2 
where, using ((T3|l . 

t(A^) =tr/:I^TC(^7V) ^^^^^^^l_g^7V^JV^ 

5( A^) = det /:RTC (;^iV) ^ ^^^^ ^ -ea^d^ A^. (18) 
Taking into account (|17j) we rewrite (|16|1 as 

m+l 



x+ — x_ 



Introducing the variable i;^ by x+/x_ = e^'^' we find that roots of Am correspond to roots (j)rn,s 
of e^('"+^)'^ = 1 (without (/) = 0) that is 

= 27rs/(m + 1), s = 1,2, . . . ,m. (19) 

Now we need to find an explicit relation between A^ and (p. We have 

T + Vt^ - 4(5 = e'"^ (^r - Vr^ - 4^) . 
Therefore 

t2 = 4(5cos2|. (20) 

Taking into account (|17|) and p8|) we consider 1)20^ as quadratic equation with respect to A^: 
A2^x2iv ^ 2eA^(a^d^ + a^d^ cos - x^) + 1 = 0. 

The solution X^{(j)) of this equation describes the relation between the variables A^ and (j). 
Therefore we can translate the zeroes p9() of Am{X'^ {(/>)) in terms of variable to zeroes A^((^m.s) 
in terms of A^. Finally, taking into account Hll() we find 

^m,s = (^/^^i4>m,s), S=l,2, ...,m. 
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5 Eigenvectors and eigenvalues 

In order to give explicit formulas for the eigenvectors of An{X) we remind the definition (see 
for example |17j ^ of Wp{s) which is an analogue of Fg-function at root of unity. For any point 
p = {x, y) of Fermat curve + = 1, we define Wp{s), s G Ztv, by 



Wp{s) _ y 



Wp{G) = 1. (21) 



Wp{s — 1) 1 — xu:^ 

The function Wp{s) is cyclic: Wp{s + N) = Wp{s). 

We will use the notation |7„) G Vi (8> • • • (8) Vn for eigenvectors of the operator An{X) of 
the BSQC with n particles. These eigenvectors are labeled by n parameters ^ri,s S Z^y, s = 
1, 2, . . . , n, collected into a vector 

In = (7n,l, • • • , 7n,n) G (^Tv)"- 

The following theorem gives a procedure of obtaining the eigenvectors |7„) of An{\) from 
the eigenvectors |7„_i) G Vi (8) • • • V„_i of An-i[X) and basis vectors \^n)n £ V^. To find 
the formula for |7„_i) we can use the same theorem and so on. At the last step we need the 
eigenvectors of 1-particle quantum chain. 

From @ and @, it is easy to see that the vectors |7i,i)i G Vi, 71,1 G Z^v, are eigenvectors 
forAi(A): 

^i(A)|7i,i)i = (l + xi,i'^^''')!7i,i>i, 
where xi^i = >c\. 

In what follows, the vector 7^*^ means the vector 7^ in which 7^^^ is replaced by 7n.fc ± 1. 
Theorem 1. The vector |7„) = |7„i, . . . ,7„„) 

l7n) = X] Q(7n-ll7n)l7 (22) 

•7n-ie(z;iv)"-i 

n n 

^n(A)|7„) = n (1 + l7n) = 11(1- A/A„,,.) I7J, (23) 

k=\ k=l 
Bn{Xn,k)hn) = ^ (l " X„,,u;-^--l) (l - X„,,..^'^-) C^''^^ l^n'), (24) 



k=i \s^k ^"'^ 



X (1 - x„,,.a;-^-^-i) (1 - x„,fca;^-'=) j^J] C^''' j 1^"')' ™ > 1' (^5) 
Bi(A)|7i) = Aai(l-5i,ic^^i.i)|7+i), (26) 

if |7n-i) = l7n-i,ii • • • i7n-i,n-i) G Vi (8) • • • Vn-i Satisfies the same relations with n replaced 
by n — 1. In the above formulas we used 

n—l n n—1 
^7n-i.i+-+7n-l..-i Yl Yl (^^_^^^ _ ^^_^) Y[ Wp^_, , (-7n-l,« - 1) 

n;Wn-ll7nJ 



n—l n—l 
Wp„i-an - 1) n %"-i.K7n-l,i - 7n-l,0 IT W'pn^i,, (7n-l,/ " 1) 

= l 1=1 
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<9(7il72) 



a;Ti^iu;pi,i(7i,i - 72,i)%i.i(7i,i - 72,2) 



Wp2{li,i - 72,1 - 72,2 - 1(71,1 - 1) ' 

n 

UJ"^"^-" / Xm,s, 0-n(7n-l>7n) = (^n = ^ln,k - ^7n-l,Z- 



n-1 



(27) 



fc=i 



1=1 



Proof. We suppose that the formulas (|23() and ()25|) with n replaced by n — 1 are proved. To 
prove the action formulas H23|l and ()25() we use the recurrent relations 



An{\) = An-l{\) (1 + Ax„l7„) + Bn-l{\) Un{Cn - dn^'n), 
Bn{\) = A„_i(A) \u~'^{an - hnVn) + 5n-l(A) ( Aa„C„ + ^^^^Vr 



(28) 
(29) 



which follow from @. 

T/ie action formula for yl„(A): To prove the action formula H23|) we act by both sides of H28|) 
on (|22)) and use the formulas (|2Hj) and (|25)) with n replaced by n — 1. After shifting in an 
appropriate way the variables of summation 7„_i we reduce the problem to verification of 
relation 

/ n n—l \ 

n (1 - VAn,fc) - n (1 - ^/^n-l,l) (1 + AX„^'^") Q(7„-ll7„) 



^ Qn-1 
yn-1 



n-1 



i=l 
/ n-1 



E n 



A — A„_i„ 



1=1 \ s 



V 



1 wAn-i^/ — A„,- 



(1 - x„_i,;a;-^"-M) (1 - i„_i^;c^7-i,'-i) 



/n~2 



n^n-M (cn-dn^^"+^)Q(7nill7n)■ 



(30) 



Using 



Q(7nill7n) Qn- 
Q(7n-ll7n) 2/n-l 



^n-2 



1 — XnW"""" 



i(l-x„_i,z^-^"-.0(l-Xn-i,^u;^"-''-') I 11^"-?; 

-^n-l,i 



,s=l 



CTn — 1 



n 



1 — 



1 



which follows directly from and ©, we rewrite (|5n|) as 



n-1 



n (1 - VAn.fc) - n (1 - A/An-l,/) (1 + AX„C^'^") 



fc=l 



n-1 



'^n-l 

n 



A- A 



n—l, 



\ 



■J7 A„_i^/ — \n~\,a I A„_i^; "j_r \ 

11 ^n-l,s 
s=l 



(T„ n An, A; n 

(1 - An-1,//A„,fc) . 



k=l 



Taking into account 



->c„u 



n An,fc 

, k=l 

n-1 

n An-l,s 
s=l 



(31) 
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which follows from (jT)), we obtain finally 



n-l 



n (1 - A/A„,fc) - n (1 - A/An-l,z) (1 + \>^nOj''-] 



k=l 1=1 
n— 1 / n— 1 



To verify this equality we note that both sides are polynomials in A of degree n — 1 (not n due 
to (|31|) ) without free term. Therefore it is sufficient to verify this relation at n — 1 different 
values of A. Taking these values to be A = A„_i^/, / = l,2,...,?i — l,we easily prove the relation. 
Thus we proved 

The action formula for Bn{\n,k)'- Next we show the validity of (|24|) . The action formulas 
for Bi{\) and -B2(A) can be verified in a direct way. Thus we suppose n > 2. 
Excluding Bn~i{\) from (|28|) and substituting it into (|29j) we get 

Un{Cn - dnVn)Bn{\) = ( Aa.„c„ + a;^^u„ ) An{X) 

- f 1 + f 1 + ^n-i(A)- (32) 

Let us apply to |7„) for A = A^^^ = —uj~'^'^'*'/Kn^k-, i-e- at the zeros of eigenvalue of A„(A). 
This gives, by virtue of the definitions © of Xm,s and Xjn,s'- 



X u;""g(7n_l|7n)^n-l(A„,fc)|7„-l)® k„). (33) 

7„-ie(Z]v)"-i 

From we know how to apply An-i to |7„_i): 

^„_i(A„,fc)l7n-i) = n - ^^u;^-''-^"--) |7n-i)- (34) 
Using ((21) we find the action of the inverse of the operator Un{cn — dnVn) on \an)n '■ 

{Un{Cn - dnVn))~^\(Jn)n = (Cn " d„w'^"+^)~Vn + l)n- (35) 

Taking into account (|27p and 1)21^ we get 

n— 1 / s n— 1 

n (i - ^'^^"•'=-^"-^•0 n Cfc 

Q(7n-ll7n) — —r^l = -^''Qi^n^lht')—, ■ (36) 

Finally, using ^ and we reduce (jHSI) to (|2i|) . 

T/ie action formula for i?„(A): From and @ it is easy to find that the operator Bn{X)/X 
is a polynomial in A of (n — l)th order. Due to (|24j) we know the action formulas for i?„(A)/A 
at the n particular values of A: A = \n,k, k = 1, 2, . . . ,n. This data is enough to reconstruct 
the action of the polynomial Bn{X) on |7„) uniquely. Lagrange interpolation formula gives 



-Sn(A), , / TT A - A„j \ Bn{\n.k) , y 
l7n) = 2^ 1 i T T- X l7n)- 

Finally using ()24p we get (|25() . This completes the proof of the Theorem. 
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6 Discussion 

In this contribution we applied the iterative procedure of obtaining the eigenvectors for quantum 
integrable systems by Kharchev and Lebedev [7] (which has origin in |H] by Sklyanin) to open 
Bazhanov-Stroganov quantum chain. We plan to extend this result (along the line of the 
paper ^Hl) to the case of Bazhanov-Stroganov chain with integrable boundary interaction. 
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